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Abstract 

The logarithm of the maximum number of transversals over all latin squares of 
order n is greater than ^(Inn + 0(1)). 
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1. Introduction 

A latin square of order n is an n x n array of n symbols in which each symbol 
occurs exactly once in each row and in each column. This property ensures that 
a latin square is the Cayley table of a finite quasigroup. It is often convenient to 
represent a latin square as a graph of the corresponding quasigroup, i. e. as a set 
of ordered triples. Without loss of generality suppose that the set of symbols of 
the latin square is {0,1,..., n— 1}. A latin square A of order n is said to contain 
a proper latin subsquare of order m, 1 < m < n, if there exists an intersection 
of m rows and m columns within A that is also a latin square. 

A diagonal of a square is a set of entries that contains exactly one represen¬ 
tative of each row and column. A transversal is a diagonal in which no symbol 
is repeated. A pair of latin squares A = (aij) and B = 10,,) of order n are said 
to be orthogonal mates if the ordered pairs (a^j, b,,) are distinct. Thus, if we 
look at all n occurrences of a given symbol in B, the corresponding positions in 
A must form a transversal. 
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Denote by t{A) the number of transversals of a latin square A. Define 
T{n) = maxt(A) to be the maximum number of transversals over all the latin 
squares of order n. The best upper bound of T{n) is due to Taranenko 


T{n) < 


( 1 ) 


Let Bn be the Cayley table of the cyclic group of order n. Vardi supposed 
that there exist two real constants ci and C 2 such that c"n! < t{Bn) < c^nl, 
where 0 < ci < C 2 < 1 and n > 3 is odd, but the known lower bound of T(n) 
. (see Q, 3). 3 .M. if „ . 

a sufficiently large odd integer then t{Bn) > (3.246)". By MacNeish’s theorem 
, the following is true. 


Proposition 1 . If n = where numbers pi are prime, and m = 

minp*’, then there exists a set ofm — 1 mutually orthogonal latin squares which 
include Bn- 


2. Transversals in Steiner latin squares 

A set of 3-element subsets (triples) of n-element set is called Steiner triple 
system (STS) if each pair of elements is contained in exactly one triple. A STS 
consists of n{n — l)/6 triples. A well-known necessary and sufficient condition 
for the existence of STS is that n = 1 or 3 mod 6. 

As mentioned above, a latin square can be represented as the graph of a 
quasigroup, i. e. as a set of ordered triples of the n-element set such that each 
pair of elements occurs in each pair of positions and a pair of elements of any 
triple defines the third element of the triple. The first and the second elements 
of triples define row and column, and the third element defines the symbol in 
the corresponding entry of a latin square. Thus, given a STS, we can obtain a 
latin square by replacing each unordered triple with the six ordered triples and 
by adding n triples of the form {a, a, a). This latin square is called Steiner (it 
is a table of a Steiner quasigroup). By the inclusion-exclusion principle and the 
definition of STS, it is easy to prove the following proposition. 
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Proposition 2. For any STS of order n the union of p disjoint triples of the 
STS intersects with at most s{p) = ) triples of the STS. 


Proof. Let V be the union of p disjoint triples. For each point v € V there 
are {n — l)/2 triples of the STS that include v. Each pair vi,V 2 G V is con¬ 
tained in some triple of the STS. Consequently, triples of the STS occur 

again. The number of triples vi,V2,vz G V included in the STS isn’t more than 
3p(3p-i) ^ inclusion-exclusion principle V intersects with at most 

3p(^ - ^ triples of the STS. A 


Theorem 1. If Sn is a Steiner latin square then t{Sn) > 


gr(n-l)/ 61 -l|^nj! 


Proof. Consider the STS corresponding to S'„. By definition, for each triple 

^ a c b 

(a, b, c) of the STS there is the latin subsquare c b a in the intersection 

^ b a c j 

of rows and columns labeled by a, b, c. This subsquare has three transversals. 

We will construct transversal T of Sn recursively. In the each step we will take 

a triple of STS that is disjoint with triples taken before and we will add three 

elements corresponding to this triple to T. Let K{p) be the set of elements 

of triples taken after p steps, K{0) = 0 and \K{p)\ = 3p. By Proposition 2, 

elements of K{p) belong to s{p) = ) triples at most. Thus at the 

{p + l)th step, it is possible to take one of n{n — l)/6 — s{p) = (n — 3p)(n — 

6p — l)/6 triples that don’t intersect with K{p). If we take the triple {a,b,c) 

then we get -I- I) = K{p) L) {a,b,c} and add 3 entries (ordered triples) 

{(a, c, b), (b, a, c), (c, b, a)} or {(a, b, c), (6, c, a), (c, a, &)} to T. If n(n — I)/6 < 

s{p) i.e. p > po = lin — l)/6] then we add to T entries (e, e, e) for all e ^ 

po-i 

K (p). Consequently, there exist more than ^ ]([ 2 [(n — 3p) {n — 6p— l)/6] > 

P—0 

~ l)!/((LfJ ~Po)!poO variants to choose a transversal. A 


In the last part of the note the proposed construction of transversals is 
adapted to latin squares of any large order. 
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Bose (see [ 3 ) proposed the following construction of STS. Let A be a latin 
square of order n corresponding to idempotent, commutative quasigroup. Put 

= {((a;, i), {y, i), {z,i + l mod 3)) | {x, y,z) {0,1, 2}}, 

= {((a:,0),(a;, l),(x,2)) | x G {0,1 ,..., n - 1}}. 

Then US'^ is a STS of order 3n. Consider a latin square Ssn of order 3n corre¬ 
sponding to a STS obtained by Bose’s construction from a latin square A of order 
n. Each transversal T oi A generates the transversal T' of S-in by the following 
rule. If (a, b,c) GT then ((a, 0), {b, 0), (c, 1)), ((a, 1), {b, 1), (c, 2)), ((a, 2), {b, 2), (c, 0)) e 
T', if (a, a,a) GT then ((a, 0), (a, 1), (a, 2)), ((a, 1), (a, 2), (a, 0)), ((a, 2), (a, 0), (a, 1)) e 
T'. 

Let A be a latin square of order n with k disjoint transversals Tq, ..., T^-i- 
Construct the latin square Ak of order n -|- fc in the following way. If (a, 6 , c) G 
A \ then (a, b, c) G A^. If (a, b, c) G then (a, b,n + i), {a,n + i, c), (n -I- 

i,b,c) G A^. Moreover in the intersection of rows and columns labeled by 
additional symbols n,... ,n + k — 1 we substitute a latin square C of order k 

^ 0 1 2 \ 

on the alphabet {n,... ,n + k — 1}. For example, ii A = 


1 2 0 

y 2 0 1 


and 


) — 

1 — 1 
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Let t{A;TQ,... ,Tk-i) be the number of transversals of 




A which don’t intersect with transversals Tq, ... ,Tk-i. It is easy to see that 
i{Ak) > t(C)t{A] To,..., Tk-i). If fc 7 ^ 2 then there exists C with t{C) > I. 

It is easy to see that the quasigroup q defined by the rule q{x, y) -\- q{x, y) = 
x+y mod n is idempotent, commutative and isotopic to cyclic group of order n as 
n is odd. By Proposition 1, the latin square that corresponds to quasigroup 
q has n disjoint transversals. By means of Bose’s construction, we can obtain 
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the Steiner latin square S^n from B'^. S^n has at least n disjoint transversals. 
Thus we can construct a latin square D = {S^n)^ of order 3n + k, k < n, as 
described above. For D we can repeat the reasonings of the proof of Theorem 
[TJ The only difference is the number of variants to choose a triple at each step. 
The number of variants for D is kn less than for S^n- 

Corollary 1. ^(Inn + 0(1)) < hiT(n) < n(lnn — 2 + o(l)) as n ^ oo. 

The upper bound is provided by (HD- The lower bound follows from Theorem [T] 
and Stirling’s formula if n = 1 or 3 mod 6, and it is proved analogously in other 
cases. 

After submitting this paper to the journal, another paper Q] has appeared 
that contains a better lower bound for the number of transversals in latin 
squares. This lower bound is asymptotically equal to the upper bound (HD. 
However, the result in is obtained using a non-constructive approach as op¬ 
pose to the method in our paper. 
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